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We consider in a quantum field theory framework the effects of a classical magnetic field on the 
spin and orbital angular momentum (OAM) of a free electron. We derive formulae for the changes in 
the spin and OAM due to the introduction of a general classical background field. We consider then 
a constant magnetic held, in which case the relevant expressions of the effects become much simpler 
and conversions between spin and OAM become readily apparent. An estimate of the expectation 
values for a realistic electron state is also given. Our findings may be of interest to researchers in 
spintronics and the held of quantum biology, where electron spin has been implicated on macroscopic 
time and energy scales. 


Conversion of electron spin into orbital angular mo¬ 
mentum (OAM) and its harnessing for spintronic devices 
has been stressed in the recent literature M- One es¬ 
sential aspect of the different processes is the spin orien¬ 
tation of the constituent electrons, which can be consid¬ 
ered as free. In particular, variations in the electron spin 
polarization can be discriminated by interactions with 
atomic states of strongly coupled spin and OAM, which 
produces a change in OAM of the electrons @. 

This reciprocal relationship between electron spin and 
OAM is made very clear in the special case of electron 
vortex beams Q], i3|-Q . Researchers have developed a de¬ 
vice that induces spin flips by a suitable magnetic field 
and converts the corresponding spin angular momentum 
variation into OAM of the electron beam itself by ex¬ 
ploiting a geometric Berry phase arising from the spin 
manipulation. Such technology can be applied to a spin- 
polarized electron beam to generate a so-called vortex 
beam carrying OAM, or to an unpolarized input to act 
as a spin-polarization filter. 

Quite separately, magnetic field effects on spin polar¬ 
ization in living systems have long been studied Q. The 
recent surge of interest in the quantum coherent mecha¬ 
nisms of the avian compass [81 111] indicates the primacy 
of electron spin in orienting migratory birds to the weak 
magnetic fields of the Earth. Just last year, it was demon¬ 
strated that general anesthetics rapidly increase the elec¬ 
tron spin content in Drosophila fruit flies [l2[ . suggest¬ 
ing that these molecules perturb electron currents in cells 
and that their efficacy may be affected by magnetic fields. 
Thus, the study of such field effects on spin has implica¬ 
tions both in the manufacture of new devices and in fun¬ 
damental physical explanations of biological processes. 

We have described in this letter the effects that a mag¬ 
netic field would have on a free electron’s spin and OAM 
in the framework of quantum field theory (QFT). Our 
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choice is motivated by the fact that in QFT both spin 
and OAM are precisely defined at the outset and only de¬ 
pend on the quantum fermion field, whereas in quantum 
mechanics spin arises as an ad-hoc addition to the OAM. 
The definition of these quantities are a consequence of 
the choice of the Lagrangian and the imposition of rota¬ 
tional invariance in the application of Noether’s theorem. 
Computing the change in spin and OAM due to a mag¬ 
netic field in this framework will show a systematic and 
unavoidable correlation, since both changes will be fixed 
by the variation of the same field. We shall clarify this 
statement in what follows. 

Our starting point will be the theoretical expressions 
for the spin S and OAM L in QFT for a free electron 
system described by the usual four-component fermion 
field ^(x), with x = ( Xq,x) = {xq,X\,X 2 ,Xz)\ 


5=(5 23 ,5 3 i,5 12 ) = (S 1 , ) S 2 ,53), (1) 

Sab = / dx 1p*(x) \(J ab V>(x), (2) 

ITab = * 7 ° 7 b ) ( 3 ) 

L= f dx (x) £ i) >(x), (4) 

1 = (—*)(:rxV). (5) 


We now introduce a classical electromagnetic field 
A, described in the usual way by the four potentials 
Ao, A±, A 2 , A 3 , and follow the Dirac prescription that 
uses the replacement of the ordinary derivative by the 
so-called covariant derivative: 

ieA (6) 

where e is the fermion (electron) charge. We want to 
examine the effects when we introduce the classical elec¬ 
tromagnetic field at a fixed time Xq = 0. 

Requiring that the electron field must satisfy the 
Dirac equation leads to changes in the four components 
tpi, tp2, ipSj V *4 of the spinor field. These changes have al¬ 
ready been derived [13| and denoted by the expressions 
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A a ipi'. 


Aa^I = ^ (^ 0^3 + - iA 2 y A + - 43 ^ 3 ), 

Aa^2 = ^ (A 0 ^4 + ^1^3 + - ^ 3 ^ 4 ), 

Aa-!/^ = ^ (AoV'i - ^ 1^2 + iA 2 i\> 2 - A 3 i/j 1 ), 
A a i/>4 = ^ (Ao 4>2 - A^i - iA 2 tpi + A^i). 


(7) 


We choose to concentrate our study on the changes 
in S and L due to the purely magnetic potentials A. 
Denoting these effects on a given quantity by A^, we 
have derived them by replacing the four components ijji 
with their modified expressions 


4>i ->■ 4>i + A rl/’i 


( 8 ) 


and inserting them in Equations © and ©. In the cal¬ 
culations we have only retained the first-order corrections 
to the quantities, which corresponds to retaining the low¬ 
est terms in the perturbative electron charge expansion. 

The modifications of the spin components are given by: 


A a S = |e| 


dx 


Ax pE 


(9) 


where A is the magnetic potential and p E is defined as 

pE = -(10) 

m e 

and identified as a kind of electric dipole because the 
change in energy density of a free electron produced by 
an electric field E has the form p E -E [l3j. The shift in the 
OAM has a more complicated expression, which reduces 
to something more reasonable when the calculations are 
performed for the various components of L. Here we 
give the formula that provides the effect on the third 
component of the OAM: 


A 7 T 3 = —* |e| 


dx [pEli^Ai) + PE2^3A2 ) + Pez((- 3 Az)\ 

( 11 ) 

where (.\,(. 2 ,£3 are defined by Equation ©. The other 
components can be derived analogously. As one can see, 
the overall effect on L is still completely fixed by the 
values of A and p E , in perfect analogy with the effect on 
S. 

We now want to compute the magnetic effect on the 
third component of the spin: 


A ^£ 3 = |e| / dx [Aip E2 - A 2 p E i] ■ 


( 12 ) 


To derive more applicable conclusions, we now consider 
the realistic case of a constant magnetic field H, which 
we choose to be oriented along the z axis, so that Ti. = 
(0, 0, H3). The expressions of the magnetic potentials are 
then fixed by 


A(x) = i (^H x x 


(13) 


which leads to the following expression: 


A; 


%3 /' 

3)^3 = - \e\ — / dx \x 2 p E2 + XiPei] ■ (14) 


One can similarly perform the calculation of A 
and find the result 


^■ApHs )^ 3 ~~ ^A(W 3 )^ 3 ‘ 


(15) 


This is in fact an obvious consequence of the conserva¬ 
tion of total angular momentum. In the chosen example, 
there is a symmetry under rotations in a plane perpen¬ 
dicular to the z axis. As a consequence, the third com¬ 
ponent of the total angular momentum J = L + S must 
remain conserved, which means A^.^^ J 3 = 0 and thus 
A a ^ 3 )7>3 + A^jS'g = 0 as stated above in Equation 

m- 3 

The conservation of total angular momentum in this 
special case can be derived from the general expression 
for a constant magnetic field in any direction. A straight¬ 
forward calculation leads to the following result: 

Igl f 

A= — J dx [ £ijk Tdj {x x pe ) fc ], (16) 

where Eijk is the Levi-Civita tensor. One possible con¬ 
clusion that could be derived from Equation (fTUl) is that 
QFT predicts possible conversions of spin into OAM. 
More importantly, one can derive in this framework the 
values of these changes. 

We have computed the expectation values of the 
changes in spin and OAM for a realistic electron state. 
More precisely, we have considered a free electron state 
of momentum k = (0, 0, k 3 ) along the z axis, in a linear 
superposition of spin eigenstates: 


*(£)) = A + |t,fc) + A_|;, fc). 


(17) 


We choose the following completeness relation to hold: 
|A _|_| 2 + |A _| 2 = 1. In the conventional treatment, 


s,k) = y/2E 0 a\ rk | 0 ) 


(18) 


where s =t, 4-, | 0 ) is the vacuum state, Eq = \k\ 2 + ml, 

and a 1 - is the fermionic creation operator for a state of 

spin s and momentum k. This creation operator is the 
one that appears in the standard Fourier transform of 

?/d(x) in . 

We have calculated the expectation value of A^S 3 in 
the state 4'(fc)^, conventionally defined as 


<a a s 3 > = 


(*(*) 

tO 

<1 

T(fc)} 

(*(*) 

T(fc)} 


(19) 
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The numerator can be calculated starting from the ex¬ 
pression derived in Equation (fT^l) . 

An important feature of the calculation is the size of 
the integration volume. It seems reasonable that the 
integration be performed in the region of space where 
A \, A 2 ^ 0, which is fixed by the scale d of the exper¬ 
imental apparatus used to generate the magnetic field. 
We assume that (A 3 ), (A 2 ) remain reasonably close to 
their average values in this volume so that they can be 
extracted from the integral as numbers. This allows us 
to compute the expectation value of 

(A a -5 3 > = - 2 MM [(A 1 )Re(A + AI) - (A 2 )Im(A+A*)] . 
m e F 0 

( 20 ) 

For our constant magnetic field along the z axis, we would 
obtain 

(Ai) « --Hid, (A 2 ) « -'H^d. (21) 

To obtain a numerical estimate, we use characteristic val¬ 
ues for the magnetic field of O(10 -5 ) Tesla and for the 
experimental apparatus d = 1 meter. Thus, in natural 
Planck units and assuming |fc| m e so that \k\/Eo « 1, 
we obtain 

(A^5 3 ) « sgn(H 3 )(0.029) [Re(A+A* ) + Im(A+A!_)] , 

( 22 ) 

which suggests non-negligible changes in the spin, on the 
order of a few percent. 

We now present a few comments on Equation (l22ll . Nu¬ 
merically, |Re(A+Al) + Im(A+Al)| attains a maximum 


value equal to A for several electron states of initially 
mixed polarization. In these cases, the value of the elec¬ 
tron spin change is primarily determined by the external 
magnetic field strength and direction. However, if the ini¬ 
tial electron is fully polarized, either in the right-handed 
state |A+| = 1 or in the left-handed state |A_| = 1, the 
magnetic field effect will be vanishing. The magnetic field 
effects on the first and second components of the spin S 
will also be vanishing, because the rotational invariance 
about the z axis demands that the spin-OAM conversion 
(flbll comes from the S 3 component alone. 

We have shown that in a QFT framework the 
interaction with an external classical magnetic field 
will generate changes in the spin and OAM of a free 
electron, and that these changes are correlated and can 
be simply calculated. These conclusions might be of 
some interest to biological researchers, particularly in 
quantum biology, as a fractal-like hierarchy may exist 
between the spin polarization of elementary matter and 
the physiological function of complex living organisms 
[I 5 I 417 I I . The possibility that the holographic nature 
of reality extends to biology is in our opinion highly 
relevant, and we look forward to collaborating with 
interested experimental groups. 
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